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4. LEVY WALK I N NATURE

A Random variables with no finitdmoment
Y central limit theorem does not apply -
S5
A Generalized central limit theorem does ﬁé gi
Y sum f ol istableslistib®iony §
A Found in chemical, biological, physical processes
0.1 ___ 2 0.17
E ‘\\ Gaussian = v “Heavy”
3 001° \ tail 2 0.01 ail
8 0.0017 | « £ 0.0013 <
Nature 451(2008)1098 = T T l T T T 1
Nature 453(2008)495 10 100 1000 10 100 1000
Nature 449(2007)1044 Step length (a.u.) Step length (a.u.)
Nature 465(2010)1066 - ] _
Nature 486(2012)545 https://www.nature.com/articles/s420021-022561
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https://doi.org/10.1038/nature06518
https://doi.org/10.1038/nature06948
https://doi.org/10.1038/nature06199
https://doi.org/10.1038/nature09116
https://doi.org/10.1038/nature11098

M. Csansg8d, GGI Hydro Workshop 2025 Apr 24, 2025 \
L
5. HBT OR FEMTOSCOPY IN HIGH ENERGY PHYSICS

A R.Hanbury Brown, R. Q. Twisobserving Sirius with radio telescopes

A Intensity correlations vs detector distanee source size g E
A Measure the sizes of apparently pelike sources! ? B
A Goldhaber et al: applicable in high energy physics s
A Understanding: Glauber, FaBaym & g B 1
Phys. Rev. Lett. 10, 84; Rev. Ohﬂp,dl.llm

ior (r “\f}] Detector dist
A Momentum correlatiord (1) related tosource™Yi ) CleclonCisicEs

6Mep | YiQ Qi
(under some assumptions)

A Can be expressed withistance distributiorO | :
o(Mep , 01 Q Qi

A Neg!ected: pair reconstruction, final state mtgractlons, LHCG F(E . S(r) correlatlonfunct ()
multktpar ticle correlations, erence

A What is the source shape? Can be explored via femtoscopy
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6. LEVY DI STRI BUT HONWHYSICS HEAVY

A Central |im|t theorem’ dlfoSIOn, and I Sourcffunctlonfrom HR model, 0-20%, 0.20-0.36GeV | 2103

. - s —— Core-Core “ng 102
thermodynamics lead to Gaussians " Thulsurs 1 % 10
— Lévyfit,
A Measurements suggest phenomena T 10
o o o o —2
beyond Gaussian distribution . o
10—
- - - . £ 1074
A L ®-stgble dlstrll%utlon (symmetric): : s
~ o - r - 10°°
ﬂ(l hYn ) ?c Q nQ Q - 108 hep-ph/0702032 1 1077
) . 8 9 10 20 30 0 1078
A From generalized central limit theorem - 107
A - \ . A@ 2'
Powetrlaw taik | if| C e F
1.8

A Special cases:= 2 Gaussiart, = 1 Cauchy

AShape of the correl at idoip Ppuni®@t i'lons:
Cs°r g0, Herfplys 36 @604 67/8 1.4

A Parameters: strength f,scale,shape . 12

T ‘ LI | L | TNIJT | \‘_\_.I-I"\_'_,I..‘

AL®vY source seen & exponent measur‘_.‘
NA61 [EPJC83(2023)9,.PHENIX PRC97(2018)06491& PRC110(2024)064909CMS PRC109(2024)024914
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7. COMPARING DIFFERENT SOURCE SIZE MEASURES

A No tail iff ¢, power lawif| ¢,RMS :walu@lepends on cutoffmaE .................. Y‘f’.‘.r.'.?.lf_?f)_at'al distribgiion,

A What do Gaussian HBT radii mean if the source has a poavertail? 10?

F Léw,R=7fma=13
"0"E Gauss, R; = 3.6 fm (same HWHM) % N
C  Gauss, R; = 5.8 fm (same HWHI)

A Important alsow.r.t. critical point search and QGP exploration

A Alternative measures (seePhys.G52(2025)0251fo? details) ?
A HWHM: (half) width at half maximd 0k
: _ width/Y: nontrivial| -dependence T
A HWHI: (half) width at half integral 0 1 “’ “’
—— 3D Lévy/Gauss, same HWHM
; re Toe —— 3D Lévy/Gauss, same HWHI
A Relations for 3D GaussfWHM  p® XY ,HWHI p&® 1Y N Y
AFor (e} gp@HWHBIV yi& d'Y ,HWHI p& X'Y §20_
A Thus (e.g.) » 8 and=|4 fmaYSIyaéy J
1.51
A Same HWHM Gaussia¥: o® dm< Y — Y/1 2}1’p&”
A Same HWHI Gaussiavi: 08 ¥m< Sy =R 1.0 .

225 LTS IDEDICOLL PR} QS
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e
g. WHY DO LE£VY SHAPES APPEAR, W

A A more comprehensive list of possible reasons:

AlJet fragmentation (Cs P’WS@D@OIBSBI(@@SI)BZ;QB37W
A See als€CaucalMehtarTani, JHEP 09 (2022) 023

A Important inQ ‘Q , see L3 CollaboratiorEur.Phys.J.Z1 (2011) 164

A
A

A Directional or event averaging (Cimerman et Bhys.Part.Nucb1 (2020) 282)
A Ruled out by evenby-event and 3D analyses

AL®v y BaR3V(X007PRB103(202]1Entropy24(2022PLB847(2023Comm.Phys.8(2025)%5
A Only plausible explanation (so far!) at high energies and large systems

200
150F
1po Gl

50

Al mportance of wutil]| aipatageter®vy sou\y ce
A Measuring and'Y: quarkhadron transition, critical point, etc.
A Measuring_: Inrmedium mass modification, coherent pion production
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9. LEVY WALK I N SCATTERI NG

AL®vy wal k and L®vy flight: é‘.lmge‘ﬂé\ﬁhys.iRQv.B%O%,93%1969(2¥52
A In HIC: increasing mean free path, step size increases e

'_\J
J—;\.;'“;’?U |

A Seen in expansion under Coulomb potential in set@te physics 10

A Observed in UrQMD and EPOS 0mmun. Phys. 8 (2025) b5 5 _
2,

AScatterings, decays, coalesce;%ﬁt Lbute |to
(as discussed later) ol

A Interestingly, longange Coulomb not implemented usually '“.'L-Erf‘-.{,r
—9.0 —8.5 —8.0 —7.5 —=7.0 —6.5 —6.0 —5H.5 —5.0
log Ar

100 . - . . . . .
80 Figure 1. The Figure shows the step size distribution p (Ar)

o = of a random walk as performed by Coulomb interacting, dif-
20 fusing particles in two dimensions. At large step sizes, the
distribution clearly follows the p ~ Ar~? power-law which
leads to the superdiffusive dynamics described by Eq. (1).
The data was obtained by integrating the system of coupled
Langevin equations of [q. .

10 15 20 25 30 33

httlos [/lwww.naturé. Com/artlcles/s420(012501973x
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10. CHARGED HADRON CLOUD: A SIDENOTE

A Coulomb potential: infinite range, affecting evolution for a long time

ASolidst at e physics (as mentioned on p#awtaisous s

A Another interesting effect: distortion of flight paths after kinetic freexs exaggerated illustration
A Phase shift, similar to an AharonBohm effect 3 5
(Gribov-90 (2021) 261andlJMP A 40 (2025) 2444007 < *

- - -
- m w o
N w wm wm
A N
NN N N
NONON N N

.
Y
ya
-
-

VMY NN NN

A Phase shift decreas@s& 3-particlecorr. strengths_ & _

bl - - o = - N _ U
£ - - \
- No Aharonov+Bohm effect, £

w

pure core, fully chaotic source

N
O—IIIIIIIII|IIII|ITII|IIII|
n
|
—_

Y Tm” :
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A"
11.. HOW DO THE TAILS EMERGE IN HADRON SCATTERING?

A UrQMD: 4 type of processes, scattering(2), decay (¥ N), coalescence {2 1), stringfragm (1Y N)

A Step before the given process; sum of steps: fremracoordinate distribution
https://www.nature.com/articles/s42002501973x

A Step length: S, goF UrQMD cascade 0-10% Au+Au, |sy, = 200 GeV 2107 £ UrQMD 200 GeV 0-10% AutAu, w'r '+ 7
powerlaw tail = 10° e - decay = 107 0.15<p_[GeVic] < 1.0
: . T 107} - coalescence b 0.325 < k. [GeVi/c] < 0.375
withx 1| 8 1081 . string fragmentation 10 =T Q. <0375 GeVie, | <1
10° 2 by 2 scattering 10°° - L ’
A . EE Levy-stable distributions
Sum: f ol |18 6l
10° 107 ¢ —o=1,R=10fm
A Distance 1103 1077 — “~0=2,R=6.5fm
distribution: 1 10°% %
g —1 -
autoconvolution 118_2 10°F
1073 b N i, 107°%%
AL®vyYy wal Koell Mig @ Gt T % N ‘ W b
10—5 IIIII| IIIIIIII‘ IIIIIIII| \\IIIII,IJ III\IHI| I\IIIIIIl \IIHIH' II\II\IIl IIIIIIII| L 11 10 §_| | .'I | |
10° 102 10" 1 10 10* 10° 10* 10° 2 3
1 10 10 10 .
step length r [fm] P [fm_
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12. COUPLE HYDRO WITH URQMD: EPOS, EVE‘FEVENT

A EPOS model: partebased GribovReggeheory (PBGRT) g ST ——
—, 10°EEPOS3 example single event & 10-20% Au+Au
AWerner et al., PRC82 (2010) 044904, PRGC89 "( 20 b dev
A Source observed in four stages: = T » *# T o
10° a) |
a) CORE, primordial pions: close to Gaussian 10 ‘ “

b) CORE, with decay products: pow&aw structures 107E (CoRE ‘ CORE Y
-8 prlmordlal pions 1|} primordialtdecay pions| .
c) CORE+CORONA+UIQMD  pr i mo @ nsnesomyly s hilays ;000g4>fm T

d) CORE+CORONA+UrQMD wi t h decay pr 0@ %ﬂi.iﬁé‘?& H L®v ; ;’%ﬁfna?’i? *}}
A Radii in the four stages (one example event) ~\F e, ol < 1 T

Levy distr. (.2 'Rir,.,.)

OBy K =028-0.32 GeVie
()] 10—4 {

O 1& MmO x& ¢gm©O x& um
A Shape|() change:dt 1© p& O p® 2 p8& o

107°
10°°

f or 107 ,c@EwoinAwr@o'\ a ;; ORE A C e
10_8 primordial pions il|| primordial+decay pions

AScattering stage needed

R = (7.36 + 0.09) fm R = (7.45 + 0.06) fm
10°°E]| o= 1.55£0.02 ! !g 0 = 1.46 = 0.02

f
x?/NDF = 104/88 o Hll| %*NDF = 127/88 t
T‘ conf lev. = 0.4% m
H ”l 1 L1 1| III 1

10 OBl conf.lev. = 11. 5/
10 1, [fm)’ 02/1/‘ o ()15

A Can one relate the observed HBT radii
to the hydro phase homogeneity Iengths’7

22 AN
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13. LEVY SHAPES I|IEROEBVMENIGISE 3 D

AWhat if the L®vYy shapes appeared only becau
ALet s check 3D eMems [sh@d e NladdIAdESthése ia ADY A |

ACl ear physical reason: L®vy wal k
Comm.Phys.8(2025)55, https://www.nature.com/articles/s422881973x

2 4L EPOSS single event 0-10% Au+Au '+ P [GeV/c] =0.15-1.0
() pair-source projections \fsNN = 200 GeV ks [GeV/c] = 0.375-0.425
=1L by 1l il
10 wﬁ' Hiiigtismens,
1072
10_35 }
10_4E ¥?/NDF = 288/247 [
| conf.lev. = 0.03641 l
10—5E-_ o=163+0.02 1§ \
| R, = (7.30 + 0.09) fm R, = (6.47 + 0.10) fm Rigng = (7.89 £ 0.20) fm
1O_GFIIIIIIII 1 IIIIlIII 1 L1 1111 IIIIIIII 1 1 IIIIIII 1 L1111 -IIIIIIII 1 IIIIIII| 1 L1 1101l
1 10 10 1 10 10° 1 10 10°
p_ [fm] p_[fm] p_[fm]

out side long
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15. CENTRALITY DEPENDENCE IN 200 GBEU+AU, PI

Hydro Workshop 2025

Apr 24,2025

ENIX

AL ®anglex] measured in 200 GeXu+Au collisions at PHENIX, approximately constantin

Al

( (& ))versusv

decrease for central collisions

A Due to longer time to develop tails? 1.

A PHENIX paperPRC110(2024)064909 ‘f

& | PHENIXAutAu sy, =200 GeV
1.5
|
14 &
1.3
1.2
1 -1* PRC110(2024)064909

(a)

|

50 100 150 200 250 300N

3

3

1.2

2-

1.8F

[ PHENIX Au+Au v = 200 GeV[
L ¢ T+

C 0-10%

- e

PHENIX Au+Au v =200 GeV [
_— v TR+ T

- 10-20%

| HHHHHHHHHHHHHHHHHHH*

I—'I
L

PHENIX Au+Au v = 200 GeV,

L | nm'nt+nam

20-30%

1 I | l
i iﬂl{

2
1.85—
1.65—
1.45—

1.2F

[ PHENIX Au+Au |s,,, = 200 GeV|
+ T+ T

3040/:_

PHENIX Au+Au s, = 200 GeV [
P T T+

4050/-—

||||||||||||||||||||||||||||||||||||

PHENIX Au+Au s, = 200 GeV,

t TR+
50-60%

m||lﬂ MM

m; [GeV]

m; [GeV]

02 03 04 05 06 0.7 0.8 02 03 04 05 06 07 08 I02 03 04 05 06 07 08 |

m; [GeV]
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16. CENTRALITY DEPENDENCE IN 200 GBJ+AU, PHENIX

. t 'E 12FPHENIX Au+Au |S, . = 200 GeV|-PHENIX Au+Au \s, = 200 GeV FPHENIX Au+A = 200 GeV.
A Monotonic decreasey pfya = 7 VS : (S L AU Vo )
o H 0-10% [ 10-20% [ 20-30%

A As predicted for Gaussian sourceaz_ @HHHHQ - :-
A Why does it work here? o HDHBHQHQ : H@BHEDBB 5 m@m@@
A Does hydro drive radii? i by Hﬂ:_ DDH@@@EHH& mmmmﬂm@mgﬁ
A Note: data close to EPOS result 2= * ™™ 77T IR LR SR AT
Ty o T —— % TE_PHENIX Au+Au |[sy = 200 GeVﬁ_PHEle Au+Au |sy = 200 GeV E_PHENIX Au+Au Ysyy = 200 GeV
~ \syy = 200 GeV . \ E E E
- o B 30-40% 40:50% 50-60°%
o primordial+decay pions - EB : -
o EPOS 5t HHH g e -t
I; aF ! @H@HH@HHH - Ve - EH |
C r i bl il [ d ¥
: 3 B - W
o TR 4 A ¥ | T+ T Wttt m!mmmﬁ
5 L PRC110(2024)0 3
L 1:.|....|....|..(.JJJ..?Il§.4:|99.9.|.... cbov v b b b b by bl b b B B b Bwna buuay
S 02 0.3 04 05 06 0.7 08 02 0.3 04 05 0.6 0.7 0.8 02 0.3 04 05 06 0.7 0.8
01 02 03 04 05 06 07 0.8 m; [GeV] m; [GeV] m; [GeV]

m; [GeV/c]
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17.. DETAILED EPOSVS DAIBGOMPARISIONAT 200 GEV

2
A More detailed comparison 2= 010% AurAu @ (s =200GeV, 'y i | S LMy averaged (a)values, AurAu
+ o PHENIX [2407.08586] - (o) EPOS3 1.8

to EPOS: disagreement for, '8
agreement forY 16

............................. 16_
IWhy so different? o //I.

I Illﬂﬂlll IaMY| =
|||

PHENIX [2407.08586]

| nn_nq - Loopg b b T T W | O T

2 0_3 0_4 0.5 06 07 100 150 200 250 300 N
m; [GeV/c]

12[R,,, values vs. m, centrality 0-10% Au+Au [ R, values vs. m,, centrality 10-20% Au+AUR,,, values vs. m,, centrality 20-30% Au+AL
3l | |
A Or long-range o I :
Coulomb scattering °t -BQQQQQ y o
Bm.[

A Especially for central collisions

A Denser system in EPOS: Iarger1'

1

N
O[T T[T T[T

A Maybe due to more normal
diffusion?

n

Ravg [fM]

i DAl ] By,
- . o - . Y
mISSINg IN % r Emm@@gmmg : E'E'E'@mmmm
: : o o o LY eNE
simulations? 4" . epos " . epos W iRy
Z‘. PHENIX[240708586] ; l - k Z . FTHENIX [2497 08586] ey Z . PHENIX[2407 08586]
03 [GeVPc 05 0% [Gev9c 1Gev9c]
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18. THE_ PARAMETER IN 200 GRAU+AU AT PHENIX

A Saturation regiom@ m@ Tt MeV,
H{_PHENIX Au+Au VS_NN =200 G_eVi_PHENIX Au+Au % =200 GeV :_PHENIX Au+Au % = 200 GeV

A Large systematic uncertainties 1. t©'n" + nw li R EA R R o
A Due to pair reconstruction and 2 HHMHMMH | + [‘
other experimental effects L H + ) HH uu u ] I ' l
permenia fects 1 ] il Al *t W“mf
A Can be scaled out if dividing by _ | . . QH : H
- (=(G )) <2 -'IID'H'IE';\J'I}&'A """""""""""" NPT UUUUS IVOUTTVU VOOT OO0 N SUTOTOVONTTSUPTTUOT IOV PUOOTIOTe
1.6} u+Au r 200 GeV[ PHENIX Au+Au r 200 GeV PHENIX Au+Au r 200 GeV
A Meaning of_in core-halo picture: 14f 107"+ 50 00 NLL ST f— I+ T g0 600,
v_ 0 T 1.2 ; ’
ﬁ I T H HHH H - |
A L [ |
A Measures i Y 8 HHHHHHHH HH HH H_— Ak il I | { iis | II IIIIIII IlI
resonance o | H [ Rt Il ‘ | I
fraCtion amongu S - PRC110(2024)O649F59 i LA |
02 03 04 05 06 07 08 0.2 03 04 05 06 07 08 02 03 04 05 06 0? 08
m; [GeV] m; [GeV] m; [GeV]
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19. RESCALED VS MONTECARLO MODELS: MASS DROP?

A MC Models based on thermal resonance productiomeasures primordial vs decay pion ratio

A Pions affected through decay Chanfeh 3F  PHENIX Au+Au {5 = 200 GeV PHENIX Au+Au Sy = 200 GeV PHENIX Au+Au {8y = 200 GeV
= 1.2 0 0
— 0 _ “ “« O “ “ “ - 10-20% 20-30% r
N S 1.1

.......
- -

-

-

A Smaller @assY larger— amntent
Y more decay pairs at lowa 08 L —
Y smaller_ at low & 0.6 — Mass drop

-=-:No mass drop

PHENIX Au+Au Sy = 200 G
50-60%

A Data incompatible with no mass drqp 137 PHENX AusAu sy, = 200 Ge
< 120 30-40%

A Within present framework! 1.1

1 .
A Best fitting— @aass can be found 0.9
0.8

A Model dependence studied 0.7
0.6¢” PRC110(2024)064909

N T T T T T T T 5 7 NS R S A S (AT I Urarr (0 AUyl OV S (A W e e
02030405060.708 0203040506 0708 0203040506 0708
m- [GeV] m. [GeV] m. [GeV

A Thermal model, flow, temperature

27 AN
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20 CENTRALI TY DEPENDENCE OF BES

A Significant decrease = 1000

EIIIIII TRRRR e rnnnnnnenn + Bestva|uesfrom PHENIX M}Lma}(ﬂts
in all Centrality = 900 Centrality average
1 = I Y I 1= 58T (stat) " (syst) MeV.
classes, except most=: 800 S T
] — * wnn Vacuum value of m
peripheral Z00E: rd b rmyma bl i =i i b i m s e g
- - - - - Vacuum value of m,
AResultn* @& 600} T e oo T v .
E—-—-l—-F—---————-— ------ = [= 4J| =—— — Upper limit of Weinberg
A : 500|—
|mp||eS a Second =T s e = Lower limit of Horvatic, Kekez, Klabucar
” 400 =
tranSItlon? — — Lower limit of Pisarski and Wilczek
g : 300—
A aNUC|9|, as heavy as - _ Range of Kapusta, Kharzeev, McLerran
. 200
bulls, through collision = A iy
g o :_ PRC110(2024)064909 Lower limit of Huang and Wang
generateiew states - PHENIX Au+Au YSyy = 200 GV | -~ Lower imiiof Kwon, Les, Mori, Wor
ofmatted ( T. D. Q&g 400 150 200 250 300 350
Npart
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21.. CENTRALITY DEPENDENCE AT 200 GEVWITH STAR

AL ®vy ‘Ysdecaehsmg trend witkk and with centrality, similar to PHENIX results
A Connection to flow and initial geometry, similarly to Gaussian radii

AL®vy e x EP@Seuantitatively close, largest discrepancy for central collisions, similar to PHENIX results
A Effect of Coulomb scatteringRB103(2021)2351 I6MPA40(2025)2444007

A Correlation strength_: increase from low to higlk and from peripheral to central collisions, similar to PHENIX result:
A & dependence: might attributed to modifiedimedium— @assPRL81(1998)220PRL105(2010)1823pRRC110(2024)064909

=1 STAR Run-11 preliminary
1.8E- Au+Au@ys, =200 GeV, mrt
17
16E- .
15E :
14F :
13 ¢
126 = EPOS
1.1 STAR
Yoo 0 20 0 300 N

part

r—

=

11

=10

14

wWw A~ 00 O N 0 ©

- STAR Run-11 Au+Au @\[S_NN = 200 GeV, ntint
- preliminary
g EIEI i 0-10%
- BB i 10-20%
- o : 20-30%
- Fey BBHB I 30-40%
- [m]
By g O
C o IEIIIIIE ElElEl BE'E'E
= B - mmm E||E| E”Ellzl
;_ g = EEE EIEIEEEEI EI
f_ T o caf o T N Tm EIII
:—I \ I i ) |
0.2
m GeVIc
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22. LEVY FEMTOSCOPY I N 3D AT 200
AAni s ot r stpbledistrib®erff( iYIp — QAQ Q -4 4 ' ,where=| : matrix of squared radii

AL®vy e x pnegligibie dependence on , average value ~1.3, compatible with 1D

A Correlation strengthy : small increase from low to high , compatible with 1D
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